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Kirchberger’s theorem on the strict separation of finite sets in the 
Euclidean n-space E” is as follows: 
KIRCHBERGER'S THEOREM. Let A and B be finite sets in E” such that, 
for every subset C of n + 2 or fewer points of A V B, the sets A n C and 
B n C can be strictly separated. Then A and B can be strictly separated. 
Kirchberger’s proof [l] of the theorem, given in 1903, is nearly 24 pages 
long. Short proofs were given by Rademacher and Schoenberg [2] in 1950, 
and by Shimrat [3] in 1954. Rademacher and Schoenberg’s proof employed 
Helly’s theorem, whereas that of Shimrat used Caratheodory’s theorem. In 
this note we present a simple proof of Kirchberger’s theorem which uses only 
such basic concepts as convex combinations, affine dependence, and the 
separation of compact convex sets. Our proof uses neither Helly’s theorem 
nor Caratheodory’s theorem; indeed, we shall deduce the latter during the 
course of our discussion. The main tool in our proof is a combinatorial 
lemma, which, since it is of interest in its own right, we have chosen to prove 
by itself and then to deduce Kirchberger’s theorem from it. 
COMBINATORIAL LEMMA. Let A and B be sets in E” whose convex hulls 
meet. Then there exist subsets A’ of A and B’.of B whose convex hulls meet 
and whose union has at most n + 2 points. 
ProoJ Since conv A meets conv B, there exist distinct points a, ,..., a,,, of 
A, distinct points b, ,..., b, of B, and scalars A ,,..., I,, ,u, ,..., ,uP > 0 such that 
;l,a, + ... +d,a,=.u,b, +... +ru,b,, 1, +.+a +&,=,u, +... +,q= 1. 
We assume that no a, equals a bj and that m +p > n + 2, for otherwise the 
desired result is immediate. Either m > 2 or p > 2; say m > 2. The (more 
than n + 1) points a2 ,..., a,,,, b, ,..., b, must be affnely dependent, so there 
exist scalars a2 ,..., a,, pi ,..., /I,, at least one of them negative, such that 
a2a2 + ..+ + amam =/?,b, + ..a +P,b,, a2 + .-. + a, =/I, + ... +p,. 
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Choose e>o such that the scalars AZ + Ba, ,..., A, + Ba,, 
PI + BP, 3***, pP + t9pP are nonnegative with at least one of them zero. Define a 
scalar I,V and a point x by the equations 
yn = A,a, + (A, + Oa,)a, + ..s + (2, + Oa,)a, 
= (u, + @,)b, + *.. + C,u, + 6’p,)bp. 
Let A, be the set of those a,‘s which appear with positive coefficients in the 
above expression for v and let B, be similarly defined. Then 
x E (conv A,) f7 (conv B,) and A, U B, has fewer than m + p points. By 
repeating this reduction process a finite number of times, we shall eventually 
arrive at the desired sets A’ and B’. 
Proof of Kirchberger’s theorem. The sets conv A and conv B cannot 
meet, for if they did, there would exist, by the combinatorial lemma, subsets 
A’ of A and B’ of B whose convex hulls meet and are such that A’ U B’ has 
at most n + 2 points. This, however, implies that the sets A ’ and B’ cannot 
be strictly separated, thus contradicting the hypothesis of the theorem. Hence 
convA and conv B are disjoint compact convex sets, and so can be strictly 
separated, whence A and B can be strictly separated. 
We note that: (i) Caratheodory’s theorem is the special case of the 
combinatorial emma obtained by taking A to be a singleton; (ii) the above 
proof of Kirchberger’s theorem continues to hold when A and B are any 
compact sets in E”. 
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